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Bending an elastic beam leads to a complicated 3D stress distribution, but the shear and transverse stres-
ses are so small in a slender beam that a good approximation is obtained by assuming purely uniaxial
stress. In this paper, we demonstrate that the same is true for a saturated poroelastic beam. Previous
studies of poroelastic beams have shown that, to satisfy the Beltrami–Michell compatibility conditions,
it is necessary to introduce either a normal transverse stress or shear stresses in addition to the bending
stress. The problem is further complicated if lateral diffusion is permitted. In this study, a fully coupled
ﬁnite element analysis (FEA) incorporating the lateral diffusion effect is presented. Results predicted by
the ‘‘exact” numerical solution, including load relaxation, pore pressure, stresses and strains, are com-
pared to an approximate analytical solution that incorporates the assumptions of simple beam theory.
The applicability of the approximate beam-bending solution is investigated by comparing it to FEA sim-
ulations of beams with various aspect ratios. For ‘‘beams” with large width-to-height ratios, the Poisson
effect causes vertical deﬂections that cannot be neglected. It is suggested that a theory of plate bending is
needed in the case of poroelastic media with large width-to-height ratios. Nevertheless, use of the
approximate solution yields very small errors over the range of width-to-height ratios (viz., 1–4) explored
with FEA.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Poroelastic analysis of bending beams and plates is of interest
for problems ranging from geomechanics to biomechanics, so sev-
eral approximate solutions have been proposed (Corfdir and Dor-
mieux, 1998; Nowinski and Davis, 1972; Zhang and Cowin, 1994;
Kameo et al., 2008; Cheng, 1998; Li et al., 1995; Cederbaum
et al., 1998; Taber, 1992; Wang et al., 2009). To the authors’ knowl-
edge, no exact 3D solution of the bending problem is currently
available. Indeed, exact solutions are rare in poromechanics, and
are usually restricted to 2D problems (e.g., Mandel, 1953; Cryer,
1963; Chen, 1966). It is the purpose of this paper to assess the
accuracy of a simpliﬁed solution for the beam-bending problem
proposed by Scherer (1992, 2000, 2004), in which the strain ﬁeld
is assumed to agree with simple bending theory. This leads to sim-
ple expressions for the stresses and strains that are used in the dif-
fusion equation to solve for the pore pressure during three-point
bending. The motivation for the analysis was to determine the per-
meability of the beam by measuring the kinetics of relaxation of
the vertical reaction force during constant deﬂection or constantly
increasing deﬂection. Measurements were found to be in excellent
agreement with the theory (e.g., Scherer, 1992, 1996; Vichit-Vada-
kan and Scherer, 2000; Valenza and Scherer, 2004), in spite of itsll rights reserved.
+1 6092581563.
rer).obvious theoretical deﬁciencies. The purpose of the present paper
is to compare the approximate analysis of a rectangular beam to
a fully coupled ﬁnite element analysis (FEA) performed using
Dynaflow (Prévost, 1981). A similar comparison between FEA
and the analytical solution by Zhang and Cowin (1994) was per-
formed by Manfredini et al. (1999), and good agreement was
found. However, that analysis was performed in what we call the
‘‘rigid limit” (deﬁned below), where the impact of the pore ﬂuid
is relatively small, so discrepancies between the analytical and ex-
act solutions are expected to be small. In our simulations, we will
work in the ‘‘gel limit”, where the pore ﬂuid is dominant and the
errors caused by approximations are accentuated.2. Problem deﬁnition
2.1. Constitutive relation
In linear poroelasticity theory, assuming zero initial stress and
pore pressure, Biot’s constitutive equations can be expressed by
(Biot, 1941; Rice and Cleary, 1976)
rij ¼ K  23G
 
edij þ 2Geij  bpf dij ð1Þ
where eij and rij are linear strain and total stress tensors, respec-
tively, dij the Kronecker delta, K and G the bulk and shear moduli
of the drained porous matrix, e ¼ ekk the volumetric strain, p the
Fig. 1. Bending of poroelastic beam: (a) dimensions of the 3D model; (b) three-
point bending scheme; and (c) the longitudinal section.
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the bulk modulus of the solid phase and subscript ‘s’ denoting the
properties of the solid grains. Alternatively, the linear strain tensor
can be expressed in terms of the total stress:
eij ¼ 1þ mE ðrij þ bpf dijÞ 
3m
E
ðrþ bpf Þdij ð2Þ
where E is the Young’s modulus and m the Poisson’s ratio of the
drained porous body and r ¼ rkk=3 is the mean normal stress.
2.2. Field equations
The continuity equation of a compressible ﬂuid inside a satu-
rated porous medium is
dð/qf Þ
dt
þr  qf qf
 
¼ 0 ð3Þ
where subscript ‘f’ denotes properties of the ﬂuid, / is the Lagrang-
ian porosity, and q

f is the ﬂuid ﬂux or ﬁltration vector deﬁned by
Darcy’s law
q

f ¼ j rpf  qf g
 
ð4Þ
where g

is the body force vector and j  k=l is the mobility, with k
the permeability of the porous matrix, and l the viscosity of the
ﬂuid.
The Lagrangian porosity, /, is related to the more commonly
used Eulerian porosity, u, by (see e.g., Coussy, 2004)
/ ¼ udet F

ð5Þ
where F

¼ solid deformation gradient. Porosity and ﬂuid mass den-
sity are given by the following:
/ /0 ¼ br  u
S þ b /0
KS
pf ð6Þ
qf  q0f
q0f
¼ pf
Kf
ð7Þ
where the subscript/superscript 0 denotes the initial values, u

S is
the 3D solid displacement ﬁeld, and Kf is the bulk modulus of the
pore ﬂuid.
Without body force, the resulting diffusion equation can be de-
rived from the ﬂuid continuity equation, the momentum balance
equation, and Biot’s constitutive relation as (see e.g., Coussy,
2004)
cfr2 rkk þ 3B pf
 
¼ @
@t
rkk þ 3B pf
 
ð8Þ
where cf is the diffusivity coefﬁcient deﬁned by (Coussy, 2004; Rice
and Cleary, 1976):
cf ¼ j 2ð1 mÞGð1 2mÞ
 
B2ð1 2mÞð1þ muÞ2
9ðmu  mÞð1 muÞ
" #
ð9Þ
and B is Skempton’s coefﬁcient deﬁned by (Skempton, 1954)
B ¼ bM
K þ b2M
ð10Þ
where the Biot modulus, M, is deﬁned by
1
M
¼ b /0
KS
þ /
Kf
ð11Þ
The Skempton coefﬁcient is a measure of the relative compressibil-
ity between solid and ﬂuid. The term mu is the undrained Poisson’s
ratio deﬁned bymu ¼ dejjdeii

dmf¼dT¼drii¼0
¼ 3mþ Bð1 2mÞb
3 Bð1 2mÞb i–j ð12Þ
with 1 < m < mu 6 0:5.
To guarantee the existence of a single-valued displacement ﬁeld
by solving stress/strain equations, it is necessary for the coupling of
stresses and pore pressure to satisfy the Beltrami–Michell compat-
ibility equations (Rice and Cleary, 1976; Detournay and Cheng,
1994; Coussy, 2004)
r2 ð1þ mÞrij  mrkkdij
 þ @2rkk
@xi@xj
þ bð1 2mÞ r2pf dij þ
@2pf
@xi@xj
" #
¼ 0
ð13Þ
A contracted form of Eq. (13) is obtained by setting i ¼ j, as
r2ðrkk þKpf Þ ¼ 0 ð14Þ
where
K ¼ 2bð1 2mÞð1 mÞ ¼
6ðmu  mÞ
Bð1þ muÞð1 mÞ ð15Þ2.3. Boundary conditions
As discussed in detail in Wang et al. (2009), deriving a complete
analytical solution to the general beam-bending problem proves to
be analytically intractable. In particular, it was shown that even for
the simpler pure bending problem, the solution cannot be resolved
analytically in the absence of shear stresses when traction-free
boundary conditions on both horizontal and lateral faces must be
enforced. In Wang et al. (2009), an approximate solution was de-
rived under the simpliﬁed assumption that traction-free conditions
on the lateral faces are satisﬁed in the St. Venant’s sense, as earlier
assumed by Zhang and Cowin (1994). However, the resulting solu-
tion was shown to be somewhat deﬁcient. In this paper, we use an-
other simpliﬁed analysis and assess its accuracy.
Consider a poroelastic beam, L < x < L; c < y < c, and
a < z < a, as shown in Fig. 1, subjected to a point load P in the
middle. Due to symmetry, we only need to consider half of the
G.W. Scherer et al. / International Journal of Solids and Structures 46 (2009) 3451–3462 3453beam span, 0 < x < L and width, 0 < z < a. To derive the analytical
solution, the following pressure, stress and displacement boundary
conditions are considered. Fluid is drained through the top and
bottom surfaces of the beam, as well the lateral surfaces, so
pf ðx; y ¼ c; z; tÞ ¼ 0; pf ðx; y; z ¼ a; tÞ ¼ 0 ð16Þ
This is different from the problem setting in Wang et al. (2009), in
that here we allow lateral diffusion. Accordingly, solutions of pore
pressure and stresses have the additional spatial dependence on z.
The ratio between the shear stress and the bending stress for a
beam subjected to three-point bending is approximately given by
(Timoshenko, 1940)
sxy
rx

 ¼ ðc2  y2Þ2ðL xÞy ð17Þ
and
sxy;max
rx;max
¼ 1
2
c
L
	 

ð18Þ
Thus for sufﬁciently long beams (i.e. the aspect ratio c=L << 1), the
in-plane shear stress sxy is negligible. The presence of transverse
stress in the three-point bending scheme shown in Fig. 1(b) is
mainly due to the presence of both the shear stresses and un-
drained pore ﬂuid, and is of the same order of magnitude as sxy,
so it is also negligible. Therefore, as a reasonable approximation
based on beam theory, the only non-vanishing stress is the bend-
ing stress rx:
ry ¼ rz ¼ 0; sxy ¼ syz ¼ sxz ¼ 0 ð19Þ
A rigorous solution of the beam-bending problem would have to in-
clude these stresses, because they have an inﬂuence on the strains
that enter into the Beltrami–Michell conditions. Satisfying those
conditions while ignoring these stresses, as is usually done (Wang
et al., 2009), is inconsistent, and is probably responsible for the
inaccuracy of the resulting solutions. However, from the FEA results
we will demonstrate that the neglected strains are small, and have a
minor effect on the relaxation kinetics.
The displacement boundary conditions are:
(1) Symmetry boundary condition at the midpoint of the beam,
x ¼ 0:
uðx ¼ 0; y; zÞ ¼ 0; @v
@x

x¼0
¼ 0 ð20Þ
(2) No vertical deﬂection at the support at x ¼ L; y ¼ 0 and con-
stant deﬂection at the midpoint, x ¼ 0; y ¼ 0:
vðx ¼ L; y ¼ 0; zÞ ¼ 0; vðx ¼ 0; y ¼ 0; zÞ ¼ D ð21Þ3. Analytical solutions for the diffusion equation
In this section, the approximate analytical solution for three-
point bending, derived by Scherer (1992, 2000, 2004), is presented.
The continuity equation is written as
_pf
M
þ b _e ¼ jr2pf ð22Þ
where e is the volumetric strain and the superscript dot indicates a
partial derivative with respect to time. For the bending problem, the
strains are very small, so the porosity does not change signiﬁcantly;
therefore, /  /0 throughout. The essential simpliﬁcation in this
treatment is that the strains are the same as for a non-porous elastic
beam in pure bending, so we begin with the assumption that the ax-
ial strain is (Popov, 1968)ex ¼ 3Dy
L3
ðL xÞ ð23Þ
Assuming that ry ¼ rz ¼ 0, Eq. (2) indicates that the axial stress is
(Scherer, 2000)
rx ¼ Eex  ð1 2mÞbpf ð24Þ
Summing the strains in Eq. (2), the corresponding volumetric strain
is
e ¼ rx þ 3bpf
3K
¼ ð1 2mÞex þ
2ð1þ mÞbpf
3K
ð25Þ
Substituting Eqs. (23) and (25) into Eq. (22) leads to a tractable
equation for the pore pressure.
The pressure obtained in this way is obviously not rigorous, be-
cause, as we shall see, the resulting strains do not satisfy the Bel-
trami–Michell equations; moreover, the relaxation kinetics are
described by an unconventional diffusivity coefﬁcient (Scherer,
1992, 2000, 2004):
1
cfu
¼ 1
j
/
Kf
þ b /
KS
þ 2ð1þ mÞb
2
3K
 !
ð26Þ
(or, in the notation of (Scherer, 2004), cfu ¼ a2=sR). In the gel limit
(K << Kf and K << KS), this reduces to
cfu ¼ 12
Ej
ð1þ mÞð1 2mÞ ð27Þ
On the other hand, at the gel limit, the diffusivity in Eq. (9) reduces
to
cf ¼ ð1 mÞ Ejð1þ mÞð1 2mÞ ð28Þ
Let s ¼ cf t=c2 denote the dimensionless time. Comparing the diffu-
sivities in Eqs. (27) and (28), we ﬁnd that they differ by a factor of
2ð1 m) at the gel limit:
su
s ¼
cfu
cf
¼ 1
2ð1 mÞ ð29Þ
At the other extreme, consider a system in which the pore liquid
is much more compressible than the solid phase or the porous
body ðKS > K >> Kf Þ. In the ‘‘rigid limit”, both diffusivities reduce
to
cf  cfu  jKf/ ð30Þ
Thus, in the rigid limit, the diffusivity coefﬁcient in (Coussy, 2004)
and the one in Scherer (1992, 2000, 2004) tend to approach each
other. Since the gel limit represents the worst case, where error in
the approximate solution is most signiﬁcant, we will compare the
numerical solution to the approximation in that limit. The agree-
ment between the analytical solution and the FEA result is found
to be improved compared to previous treatments (Zhang and Cow-
in, 1994; Wang et al., 2009; Manfredini et al., 1999) for poroelastic
beams with compressible constituents.
3.1. Load relaxation
The load relaxation function predicted by the approximate solu-
tion is given by:
PðsuÞ
P0
¼ 1þ m
1þ mu þ
mu  m
1þ mu S1ðsuÞS2
c
a
; su
	 

ð31Þ
where superscript ‘0’ denotes the properties at time t ¼ 0þ. Since
the prescribed vertical deﬂection D is invariant with time, as the
ﬂuid drains out of the beam, the applied load P required to hold
Fig. 2. Relaxation from lateral diffusion versus dimensionless time for various aspect ratios, c/a.
3454 G.W. Scherer et al. / International Journal of Solids and Structures 46 (2009) 3451–3462the constant deﬂection of the beam decays with time. The two time
series in Eq. (31) are deﬁned as
S1ðsuÞ ¼
X1
m¼1
6
a2m
exp a2msu
 
; am ¼ mp ð32Þ
S2
c
a
; su
	 

¼
X1
n¼1
2
b2n
exp b2n
c2
a2
su
 
; bn ¼ 2n 12 p ð33Þ
A plot of S2ðc=a; suÞ as a function of dimensionless time is shown in
Fig. 2. The function S2ðc=a; suÞ ¼ 1 for a ! 1 or t ¼ 0, so the lat-
eral diffusion vanishes for an inﬁnitely wide beam and at the mo-
ment of deﬂection of a ﬁnite beam.
3.2. Pore pressure, stresses and bending strain
The analytical solution for the pore pressure from the approxi-
mate diffusion equation is given by:
pf ðx; y; z; suÞ ¼ p0ðxÞp1ðy; suÞp2ðz; suÞ ð34Þ
where
p0ðxÞ ¼ 
EbDc
wL3
 !
ðL xÞ ð35Þ
p1ðy; suÞ ¼ 2
X1
m¼1
ð1Þm
am
sin am
y
c
	 

exp a2msu
  ð36Þ
p2ðz; suÞ ¼ 2
X1
n¼1
ð1Þn
bn
cos bn
z
a
	 

exp b2n
c2
a2
su
 
ð37Þ
w ¼ /K
Kf
þ ðb /ÞK
Ks
þ 2ð1þ mÞb
2
3
ð38Þ
Note that the spatial variables in Eq. (34) are separable. Normal
strains are given by
ey ¼ ez ¼ mex þ
ð1þ mÞð1 2mÞbpf
E
ð39Þ
The bending strain is independent of the lateral direction z and time,
(viz., _ex ¼ 0Þ. The non-vanishing bending stress is given by Eq. (24).
All the other stress components vanish, as indicated in Eq. (19).4. Results for square beams
In this section, the accuracy of the analytical solution presented
in Section 3 is assessed by comparison to simulations done using
FEA. The ﬁnite element mesh for a poroelastic beam under three-
point bending is shown in Fig. 3. Due to symmetry, only one quar-
ter of the beam is simulated in the FEA (viz., 0 6 x 6
L; c 6 y 6 c; 0 6 z 6 aÞ. The mesh is reﬁned toward the
location of load application, x ¼ 0, and the drainage surfaces,
y ¼ c; z ¼ a.
To simulate the case in which the error of the approximation is
expected to be worst, beams investigated in this study consist of
incompressible constituents, with b ¼ 1:0; B ¼ 1:0, and mu ¼ 0:5.
The analytical solutions are applicable to beams with compressible
constituents as well. Furthermore, we assume that the porous ma-
trix is isotropic and homogenous. The following material proper-
ties are used: E ¼ 106 Pa; qs ¼ 2 103 kg=m3; qf ¼ 103 kg=m3;
k ¼ 1:6 1018 m2; l ¼ 103 Pa s and / ¼ 0:95. The dimensions
of the square beam are L ¼ 0:1 m; a ¼ c ¼ 0:005 m and the pre-
scribed deﬂection is D ¼ 0:0025 m.
First, the analytical load relaxation is compared with FEA. For a
square beam, typical results of comparison are shown below. Plots
of the load relaxation versus dimensionless time are shown in Figs.
4 and 5 for beams with m ¼ 0 and m ¼ 0:3, respectively. The analyt-
ical solution is very accurate in predicting the load relaxation, in
particular for large Poisson’s ratio. A slight discrepancy at the ini-
tial stage of transient diffusion is observed for small Poisson’s ratio.
For the purpose of using the beam-bending method for measuring
material permeability (Scherer, 1992), this discrepancy is
insigniﬁcant.
Comparisons between the analytical solution and FEA for pore
pressure, total stresses and strains for a square beam with
m ¼ 0:2 are presented below. Longitudinal, vertical and transverse
pressure distributions at different dimensionless times are plotted
in Figs. 6–8, respectively. In these comparisons, the dimensionless
time is computed using the diffusivity coefﬁcient in Eq. (9). It is
clear that the pressure distribution along the axial direction is in
very good agreement with the FEA, except for a slight discrepancy
at the mid-plane x=L ¼ 0. Physically we expect the pressure
Fig. 3. Finite element mesh.
Fig. 4. Load relaxation for square beam with m ¼ 0:
Fig. 5. Load relaxation for square beam with m ¼ 0:3.
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FEA results in Fig. 6. On the other hand, the analytical solution of
pore pressure predicts a strictly linear pressure distribution withthe range 0 6 x=L 6 1. Thus, in the vicinity of x=L ¼ 0, it is natural
to see the discrepancy of pressure distribution between the analyt-
ical solution and FEA.
Fig. 6. Pressure along axial direction at y=c ¼ 2=3; z=a ¼ 0. The departure from linearity is strongly localized near the center of the beam, so the linear assumption is quite
accurate.
Fig. 7. Pressure along vertical direction at x=L ¼ 1=3; z=a ¼ 0.
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method is reasonably accurate, except for small times. The dimen-
sionless time for the ﬁnite element mesh is smesh ¼ cfDt=h2, where
Dt is the FEA time step size and the characteristic ﬁnite element
mesh size is h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPnsd
i¼1Dx
2
i
q
with nsd the number of dimensions,
and Dxi the length of a ﬁnite element in the xi direction. The value
of smesh ¼ cfDt=h2 for the square beam was checked along all three
directions, and found to be smesh  Oð102Þ < 1:0. Thus, the early
discrepancy in pressure seen in Fig. 8 may result from the pore
pressure oscillation in FEA for smesh < 1:0 (Vermeer and Verruijt,
1981; Thomas and Zhou, 1997), as a consequence of either small
time step Dt or coarse mesh. It was shown by Truty and Zimmer-
mann (2006) that pressure oscillations at smesh < 1:0 can beeffectively suppressed by using stabilization schemes for the ﬁnite
element formulation, but that was not done in the present work.
Figs. 9 and 10 show the distribution of bending stresses rx along
horizontal and vertical directions, respectively. As the dimension-
less time increases, the contribution from the pore pressure van-
ishes with the depletion of pore ﬂuid, and the bending stress
approaches its elastic limit (i.e. linearly distributed along the y
axis). Even for short times, the stresses are in good agreement with
the analytical solution. Similarly, the distribution of axial bending
strain ex along horizontal and vertical directions (not shown) pre-
dicted by the analytical solution matches well with the FEA results.
FEA results for the shear stress sxy and transverse stress rz are
plotted in Figs. 11 and 12, respectively. Comparing to Figs. 10
Fig. 8. Pressure along lateral direction at x=L ¼ 1=3; y=c ¼ 0:84. The discrepancies for s ¼ 0:01 result from stabilization problems.
Fig. 9. Bending stress along axial direction at y=c ¼ 2=3; z=a ¼ 0.
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at x=L ¼ 1=3 is sxyjx=L¼1=3;y¼0=rxjx=L¼1=3;y¼c ¼ 1=27:6 at s ¼ 0:2. Using
Eq. (17), at the elastic limit (i.e. as s ! 1Þ for a poroelastic beam,
we have sxyjx=L¼1=3;y¼0=rxjx=L¼1=3;y¼c ¼ 0:75c=L  1=26:7 with L=c ¼
20. Thus, Eq. (17) is accurate in estimating the magnitude of shear
stress, and it is reasonable to neglect the shear stress in the analyt-
ical solutions for beams with large L=c ratios. Fig. 12 shows that the
magnitude of the transverse stress varies considerably as the ﬂuid
drainage process continues. It can vary from as little as
rx;max=rz;max  5:0 at s ¼ 0:01 to rx;max=rz;max  25 at s ¼ 0:2 when
diffusion is almost completed. A possible cause for the presence of
relatively large transverse stresses at the initial drainage stage issuggested by the coupled diffusion Eq. (8). At s ¼ 0:01, the ﬂuid
drainage produces a drastic rate of change of pore pressure (cf. Figs.
4 and 5). As the bending stress is not rate sensitive (cf. Fig. 10), the
rate of change of pressure may be offset by the transverse stress
through Eq. (8). Thus if the inclusion of time-dependent transverse
stresses were mathematically tractable, the accuracy of analytical
solutions could be expected to improve.
5. Effect of aspect ratios
We ﬁrst investigate in this section the effect of the cross-sec-
tional (width-to-height) ratio a/c on the predicted load relaxation
Fig. 10. Bending stress along vertical direction at x=L ¼ 1=3; z=a ¼ 0.
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case, beams with incompressible constituents and ﬁxed Poisson’s
ratio m ¼ 0:2 are simulated.
Load relaxation was analyzed for beams with a=c ¼ 0:5, 2 and 4,
respectively. For a narrow beam, the load relaxation predicted by
the analytical solution is in good agreement with the FEA results,
just as for the square beam. As the width-to-height ratio increases,
the analytical predictions deviate from the FEA results, and tend to
overestimate the asymptote as s ! 1. The discrepancy of the
limiting load relaxation ratio P1=P0, where superscript ‘1’ denotes
the properties at s ! 1, increases with the a=c ratio, as shown in
Fig. 13. The analytical solution based on beam-bending theory
yields a ﬁxed asymptote P1=P0 ¼ 0:8 for beams with m ¼ 0:2 and
incompressible constituents. Since the asymptote P1=P0 is timeFig. 11. Shear stress along vertical directindependent, this discrepancy cannot be corrected by improving
the transient diffusion analysis.
The cause of the deﬁciency in the analytical solution for the
large a/c results from the failure of beam theory when the width
of the beam is large. Thus, we resort to plate theory to study the
possible bending mechanism. For an elastic plate under pure bend-
ing moment, M, the vertical displacement was derived by Timo-
shenko (1940):
v ¼  M
2EI
ðx LÞ2 þ mM
2EI
z2 ð40Þ
In three-point bending, we have MðxÞ ¼ Pðx LÞ=2. Denoting
DðzÞ ¼ vðx ¼ 0; zÞ at the mid-plane ðy—zÞ, we haveion at x=L ¼ 1=3; z=a ¼ 0 from FEA.
Fig. 12. Transverse stress along vertical direction at x=L ¼ 1=3; z=a ¼ 0 from FEA.
Fig. 13. Effect of aspect ratios on prediction of P1=P0 for beams with m ¼ 0:2.
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6EI
ðL2  mz2Þ ð41Þ
At the elastic limit (i.e. s ! 1Þ, the analytical solution of the ver-
tical displacement in (Scherer, 1992, 2000, 2004) yields:
D ¼ PL
3
6EI
ð42Þ
It is clear from Eq. (40) that, as the beam width increases, the var-
iation of the vertical displacement v along the z direction becomes
signiﬁcant. On the other hand, the analytical solution using beam
theory assumes a prescribed vertical displacement invariant in z.
Thus, for bending of porous media with large width-to-height ratio,
beam theory is no longer applicable. An analytical solution based onplate theory is therefore needed to predict the appropriate diffusion
behavior. This might be obtained following Taber’s method (1992),
or the approach used by Scherer (1992, 2000, 2004) could be ex-
tended by assuming that the vertical deﬂection is described by Eq.
(41).
The Poisson effect of ﬂexure of a plate is clearly demonstrated in
Fig. 14, where the vertical displacement is plotted versus the nor-
malized z coordinate for a poroelastic plate at x ¼ L=3 and y ¼ 0.
The Poisson’s ratio is chosen to be m ¼ 0, such that when the porous
plate is fully drained, the Poisson’s effect vanishes and the vertical
displacement is invariant in z according to Eq. (41). At time t ¼ 0þ,
under a sudden displacement, the pore ﬂuid has not yet started to
escape, thus the porous plate is considered to be undrained with an
Fig. 14. Poisson effect of vertical displacement for plate bending at x=L ¼ 1=3; y=c ¼ 0 with m ¼ 0.
3460 G.W. Scherer et al. / International Journal of Solids and Structures 46 (2009) 3451–3462effective undrained Poisson’s ratio mu ¼ 0:5 when the constituents
are incompressible. The vertical displacement along the z direction,
as predicted by Eq. (41), is parabolic in z at t ¼ 0þ. In contrast, as
t ! 1, when the ﬂuid is fully drained, the system is purely elastic
with m ¼ 0, so the vertical displacement is invariant along the z
direction as t ! 1.
From Fig. 14, it is clear that as the aspect ratio a=c increases, the
Poisson effect reveals itself. This explains why, for the square
beam, the load relaxation solutions based on beam theory are rea-
sonably accurate, while for a wide beam with a=c ¼ 4, the compar-
ison between the analytical solutions and FEA yields a noticeable
discrepancy (cf. Fig. 13). For poroelasticity, the effective undrained
Poisson’s ratio associated with the initial stage of diffusion is usu-
ally non-vanishing, with mu ¼ 0:5 for incompressible constituents.
Thus the effective Poisson’s effect cannot be ignored in general
when the aspect ratio a=c is large, say a=c P 2.Fig. 15. Fit of approximate analytical model (curves) to output from FEA simA comparison of transverse stresses along the y directions be-
tween a=c ¼ 1 and a=c ¼ 4 indicates that both beams have trans-
verse stresses of similar magnitude. Therefore, the contribution
of the transverse stress to the deﬁciency of the analytical solution
for wide beams is not signiﬁcant. Similarly, a comparison of trans-
verse stress along the y directions between L=c ¼ 20 and L=c ¼ 40
shows that the stress patterns of the two beams are almost identi-
cal, while the magnitude of the transverse stress for the beam with
L=c ¼ 20 is four times larger than for the one with L=c ¼ 40.
6. Practical consequences
The beam-bending method has been extensively used for mea-
suring the permeability and mechanical properties of gels (Scherer,
1992, 1995, 1997), porous glass (Vichit-Vadakan and Scherer,
2000), cement (Valenza and Scherer, 2004; Vichit-Vadakan andulations (points) for plates with width/thickness ratios of 2/1 and 4/1.
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(Scherer and Jiménez-González, 2005), employing samples in the
form of cylinders, square beams, and plates. In every case, the
shape of the load relaxation curve was accurately described by
the approximate theory, and the dependence of the relaxation on
the viscosity and compressibility of the pore liquid was correctly
captured [e.g., Scherer, 1992; Vichit-Vadakan and Scherer, 2000].
It is of interest, therefore, to quantify the errors that would result
in the measurement of the permeability of a porous beam, as a re-
sult of using a sample in the form of a plate. For that purpose, we
have taken the load relaxation values calculated from the FEA
model and treated them as experimental data to be ﬁt to Eq.
(31). The free parameters in the ﬁt are the hydrodynamic relaxa-
tion time, su, and Poisson’s ratio. The ﬁt is performed with a
simplex scheme, as described in Scherer (1992) and Vichit-
Vadakan and Scherer (2000). As shown in Fig. 15, the quality of
the ﬁts is excellent. The parameters returned by the ﬁts are
also in good agreement with the input parameters for FEA
ðE ¼ 1:0 MPa; m ¼ 0:2; k ¼ 1:6 1018 m2; su ¼ 2:25 104 sÞ: for
a=c ¼ 2, the ﬁt returns E ¼ 0:998 MPa; m ¼ 0:191; k ¼
1:53 1018 m2; su ¼ 2:405 104 s; for a=c ¼ 4, the ﬁt returns
E ¼ 0:998 MPa; m ¼ 0:163; k ¼ 1:77 1018 m2;
su ¼ 2:224 104 s. Thus, the error in permeability and Poisson’s
ratio would be <5% for the plate with a=c ¼ 2 and <10% for
c=a ¼ 4, and the results for square beams would be even better.
These errors are much smaller than the typical uncertainty in data
obtained from conventional permeameters (Scherer et al., 2007), so
the bending method using the approximate analysis is quite satis-
factory for measurement of permeability, modulus, and Poisson’s
ratio.7. Concluding remarks
Development of analytical solutions for bending of poroelastic
beams is complicated by the presence of shear and lateral stresses,
together with 3D ﬂow. However, several of these strains and ﬂuxes
are small, so they compound the complexity of the problem, but
have a relatively small quantitative impact. To capture the physics,
while minimizing the mathematical difﬁculty, the approximate
solution assumes that the basic features of simple bending theory
can be adopted: (a) the only signiﬁcant stress is the longitudinal
bending stress; (b) the axial strain varies linearly through the
thickness of the beam, and the shear strains are negligible; (c)
the curvature of the beam is related to the bending moment, which
varies linearly along the length of the beam, so that the vertical
displacement is described by a cubic polynomial. The resulting
analytical solution for the diffusion equation does not satisfy the
Beltrami–Michell compatibility equations. Nevertheless, it is
physically self-consistent. Moreover, it has been found to be able
to capture the physics of bending of 3D poroelastic beams under
three-point bending by comparisons to ﬁnite element simulations.
It remains an open question to what extent the compatibility con-
ditions can be violated without introducing severe discrepancies in
the analytical solutions.
The width-to-height and length-to-height aspect ratios affect
the accuracy of the analytical solutions. In particular, as the
width-to-height ratio of the beam increases, the Poisson effect
(i.e. the lateral dependence of beam ﬂexure) becomes signiﬁcant.
Thus the physics of bending of the porous plate can no longer be
accurately captured within the realm of beam theory. Instead, a
mathematical model of the ﬂexure of a porous body with large
width-to-height ratios must be formulated based on the plate the-
ory. Although this would certainly improve the accuracy of the re-
sult, the errors resulting from the use of beam theory are small
enough so that the additional complication is rarely justiﬁed.Acknowledgments
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